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Validation of a Finite Element Error Estimator

J. O. Dow,* S. A. Harwood,t M. S. Jones,t and I. Stevensont
University of Colorado, Boulder, Colorado 80309

Several adaptive refinement procedures have been developed to assist designers and analysts in producing
finite element meshes with reduced discretization errors. Some of these methods have been criticized for being
too circular, i.e., the error measures are too closely related to the finite element results being analyzed. In this
work, the smoothed solution against which the finite element stresses are compared is based on a reformulation
of the finite difference method that permits irregular meshes and complex boundary conditions to be analyzed.
This approach utilizes the finite element displacements, instead of the finite element strains or stresses, to
determine a smoothed stress solution, thereby reducing the dependence of the error measures on the finite
element results. The errors found by the finite element and the finite difference based methods are found to be
nearly identical. This leads to the conclusion that the current finite element error analysis methods are satisfactory
for production use and would be a valuable addition to finite element analysis and design packages. Three
example problems are presented.

Introduction

T HE need for procedures to analyze the accuracy of finite
element results and to guide subsequent mesh refine-

ments is well established. The availability of powerful finite
element mesh generators and sophisticated graphics output
packages allows analysts with little experience to interactively
perform complex finite element analyses. In addition, the
successful implementation of computer aided design/com-
puter aided manufacturing (CAD/CAM) procedures involves
a closed-loop design cycle, which further separates the de-
signer from the analysis. In both situations, the errors intro-
duced by representing a problem with subregions that are not
capable of representing the full behavior of the continuum
can render the results meaningless. These discretization errors
can be identified and controlled by the use of adaptive re-
finement schemes.

A successful adaptive refinement scheme consists of two
procedures: one estimates the errors in the individual finite
elements and the other guides the mesh refinement based on
the elemental error estimates. A global error estimate, usually
consisting of the sum of the individual element error esti-
mates, is used to indicate when to terminate the adaptive
refinement procedure.

A procedure for estimating the errors in finite element
solutions using error measures based on the finite difference
method is developed here.1 In this approach, the nodal dis-
placements produced by the finite element method are sub-
stituted into finite difference operators to give nodal stresses
or strains. These stresses or strains are then used to form a
continuous or smoothed solution, which is asumed to be closer
to the actual result than the discontinuous finite element so-
lution. The smoothed and finite element solutions are then
compared using energy measures to compute elemental and
global error measures.
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This finite difference approach is a variant of an existing
error estimating procedure. In the existing approach, the
smoothed solution is derived from the finite element stress or
strain results by an equal energy content2 or a nodal averaging
procedure.3 These finite element based error estimates have
been criticized because the smoothed solutions are found di-
rectly from the discontinuous finite element strain resultants
to which they are to be compared. The finite difference based
error measures are designed to move the computation of the
smoothed result one step away from the finite element strain
computations. As the results presented here will show, the
finite difference and finite element based error measures give
approximately the same results. From this, it is concluded
that the finite element based approach is satisfactory for pro-
duction use.

In the Zienkiewicz-Zhu method,2 the smoothed solution is
found by a least squares procedure that minimizes the dif-
ference between the strain energies of the smoothed solution
and the finite element result while maintaining a constant
value for the overall strain energy. The method developed by
Dow and Byrd3-4 averages the stress or strain values at the
common nodes of connected elements to form the basis of
the smoothed solution. Both finite element based procedures
produce nearly identical results. The Dow-Byrd approach has
the advantage that it requires less computational effort than
the Zienkiewicz-Zhu method. The Dow-Byrd procedure has
been extended to plate elements.4

The development of the finite difference error analysis pro-
cedures is based on a reformulation of the finite difference
method, which is outlined in the next three sections.5-6 Three
example problems are then analyzed. The significance of the
results is discussed in the concluding section.

Theoretical Development
The measure used to estimate errors in this work is identical

to the one developed by Zienkiewicz and Zhu2 and used by
Dow and Byrd.4 The overall procedure developed here differs
from the two finite element based methods only in the way
that the smoothed solution is formulated. The Zienkiewicz-
Zhu and Dow-Byrd methods utilize strains computed from
derivatives of the finite element interpolation functions. The
method developed here computes nodal strains with finite
difference operators evaluated in terms of the finite element
nodal displacements. The polynomial functions used in the
determination of these strain quantities differ from those used
in the finite element formulation. Because of the nature of
the 3 x 3 finite difference template, a greater number of
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nodal displacements are used in the strain computations than
are used in the finite element formulation. This approach
removes the computation of the smoothed strains one step
from the finite element procedure. The nodal strains should
be more accurate than the individual finite element results
because the strains are computed at a central point using a
larger number of nodes than is the case for the finite element
computation.

The error measure compares the smoothed solution to the
finite element result for each individual element. The absolute
values of the differences between the stresses in the two so-
lutions are summed over each individual element. This quan-
tity is weighted by the constitutive properties to produce an
energy quantity. This energy measure is written in equation
form as,

7 6

= J (a* - (jf)T[D]-l(v* - a') dfl (1)

where \\ef\\ is the error energy norm in element /, a* the smooth
stresses, a' the finite element stresses, D the constitutive ma-
trix, and ft' the area of element /.

A global error energy norm is computed by summing the
individual element error energy norms:

= '2 (2)

A relative global error estimate can be computed by nor-
malizing the global error energy with respect to the estimated
total energy contained in the improved solution:

x 100% (3)

where \U'\ is the energy norm for the finite element solution.
The local or elemental error estimates are used to guide the
mesh refinement. The global error estimate is used to indicate
when to stop the mesh refinement.

Theoretically, this development is straightforward. How-
ever, no general procedure for computing finite difference
operators for elasticity applications with irregular meshes and
complex boundary conditions existed prior to this work.1-5"7

In fact, the development of the finite element method was
spurred by difficulties with boundary conditions in the finite
difference method.H-y These limitations can be largely over-
come through the use of a Taylor series expansion of the
displacements in the continuum written in terms of strain
gradient notation.

This notation incorporates the knowledge that the displace-
ments in a continuum are due to rigid-body motions and de-
formations. In short, the derivative coefficients of the Taylor
series expansion are expressed as functions of rigid-body terms,
strains, and derivatives of strains. For example, the strain
gradient term yxv x quantifies the variation of yvv in the x
direction. The displacements in the x and y directions, u and
v, are expressed in strain gradient notation in the Appendix
[Eq. (Al)].

The derivation of these displacement expansions is avail-
able in papers discussing a variety of applications of this no-
tation. Strain gradient notation has been utilized to evaluate
equivalent continuum properties of lattice structures,10-11 to
identify errors in finite elements,12 14 and to provide an al-
ternative formulation procedure for finite elements.3-15

Strain Gradient Based Central Difference Operators
The finite difference method approximates derivatives with

difference operators based on a mesh pattern or template. A
candidate set of derivatives that a given template is able to
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Fig. 1 Difference template.
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Fig. 2 Displacement variations represented in template.

approximate can be tentatively identified by comparing the
template configuration with a Pascal's triangle. This set is then
validated with a check for linear independence.1

This development centers around the extensively used 3 x
3 central difference template shown in Fig. 1. The lowest order
polynomial and, consequently, the derivatives that this tem-
plate is capable of modeling are identified using Pascal's tri-
angle, as shown in Fig. 2. When only these polynomial terms
are used, the displacement expansions of Eqs. (Al) reduce
to Eqs. (A2). In Eqs. (A2), £; and r\ are used to emphasize
that a local template coordinate system is used. The origin
corresponds to the center node of the template.

Equations (A2) are used to form a relationship between
the mesh point displacements and the strain gradient quan-
tities. When the expressions for u and v are evaluated by
substituting the locations of each mesh point, a set of 18
equations is formed. The 18 x 18 coefficient matrix formed
serves to transform the strain gradient quantities to mesh point
displacements. The inverse of this transformation gives the
difference approximations of the strain gradient quantities as,

(4)

where

M = {UWMW.
{e,} = {UrhvrhrrhExEvyA yex^Ey^y^,.E^^^

and [<f>] ' is the 18 x 18 transformation matrix. The subscripts
on the displacements refer to a template point. The vector
{e,} contains the 18 strain gradient quantities approximated
by the 3 x 3 central difference template.

This approach generalizes the procedures for creating finite
difference operators for both regular and irregular meshes.
These operators are identical to the standard operators for
regular meshes. When the approach is applied to irregular
meshes, additional terms are introduced into the finite dif-
ference operators. Until now, no formal procedure for for-
mulating irregular meshes has existed.7 Templates formulated
in this manner allow the strains and stresses at the internal
nodes of the finite element model to be determined from the
finite element displacements. The stresses and strains at
boundary nodes are determined from the template formula-
tion described in the following section.
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Fig. 3 Boundary template.

Central Difference Boundary Operators
The use of central difference templates on the boundary of

the continuum results in nodes that lie outside of the body.
A procedure for eliminating these fictitious nodes on a point-
by-point basis will now be presented.6 The information made
available by strain gradient notation is used to identify a set
of boundary equations that relates the boundary conditions
to the template nodal displacements. The degrees of freedom
associated with the displacements of the external nodes are
used to specify stresses on the continuum that satisfy equilib-
rium with the prescribed tractions along the boundary.

To illustrate the formulation, the boundary template for a
loaded horizontal surface for plane stress, as shown in Fig.
3, will be developed. Here, six degrees of freedom exist out-
side of the boundary (u and v displacements for three nodes),
hence, six independent boundary equations must be identi-
fied.

For the boundary shown, the quantities crv and T.,V may be
specified. Using plane stress constitutive relations to express
these tractions in terms of strain gradient quantities, the first
two boundary equations are obtained

The final boundary equation is determined from the fol-
lowing three-dimensional compatibility equation:

Yvv.zz = Yvz.vz + Tv^-vz - 2eZJC_v (12)

When the conditions of plane stress are introduced into Eq.
(12), the equation reduces to

(13)

The six boundary equations [Eqs. (5-8), (11), (13)] can be
rewritten in matrix form as

'a p 0 0 0
0 0 a p 0
0 0 0 0 2G 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

•xy
Txv,;t

or

where
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a = E

°y = T^2 (ev (5) 1 - v2

(14)

(6)

where G represents the shear modulus. When the strain gra-
dient quantities represented by the central difference template
[Eq. (4)] are examined, the variation of these quantities with
respect to x are seen to exist. The first derivatives of <jy and
Txy provide the next two boundary conditions:

i - - (evjc + ve, (7)

(8)

When the second derivatives, vvjcx and TV V v v , are studied, it
is found that the latter term is not available as a boundary
equation because the term ^XVJCX is not represented in the
central difference operator. When the first term is expanded,
the result is

av xv = 1 - 3 (8y,.v.v

The term ev 0. is not represented in the central difference
operator. However, it may be obtained from the following
compatibility equation of three-dimensional elasticity:

(10)

When Eq. (9) is simplified for plane stress, the result is

1 - v2

= 2Gev,vv (11)

1 - v2

Now that the six boundary equations have been identified,
the next step is to form an expression that defines the dis-
placements of the six external degrees of freedom in terms of
the boundary tractions and the 12 internal displacements. This
is accomplished by substituting a partition of Eq. (4) into Eq.
(14) to give

{a,} = [C]MM

(15)

where the subscripts e and / refer to the 6 external and 12
internal degrees of freedom, respectively. This equation can
be rearranged to give

= [0,1 (16)

Implicit in this step is the assumption that the matrix [CH)(.l is
nonsingular. This requires that the boundary conditions se-
lected in Eq. (L4) represent linearly independent relation-
ships.

Equation (16) specifies the displacements of the external
nodes as a function of the internal displacements and the
applied surface tractions. With these quantities defined, the
full set of stresses at the boundary can be computed on a
point-by-point basis. These strains, combined with the interior
nodal strains, constitute a nodal smoothed strain solution.
From this, a smoothed elemental solution can be computed
using the finite element displacement interpolation functions.
The error measures are computed from Eqs. (1 -3) using these
quantities. The global error measure is found by summing the
elemental quantities.
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Fig. 4 Cantilever beam with uniform load.

Fig. 5 Finite difference element errors for cantilever problem.

The development for the horizontal surface can be directly
extended to a vertical surface. The problems analyzed as ex-
amples also requires boundary templates for outside corners,
re-entrant corners, sloping surfaces, and fixed boundaries.
The formulation of the boundary templates for each of these
cases is similar to the development presented here for the
horizontal surface. The details are available in Refs. 1 and 6.

The formulation of six boundary conditions for each point
on the boundary allows the smoothed stresses on the boundary
to be evaluated on a point-by-point basis. However, a set of
coupled equations related to each of the external degrees of
freedom can be developed that utilize a simpler set of bound-
ary conditions. Equations similar to Eqs. (5) and (6) can be
used at each boundary node.6 If the mesh is irregular, these
equations are coupled and a set of equations must be solved
simultaneously. The results from either type of analysis are
virtually identical. The three representative problems solved
next utilize the point-by-point procedure.

Error Analysis Applications
The behavior of the finite difference error estimator is il-

lustrated in this section with three examples. The estimated
errors found using both the finite difference and the nodal
averaging methods are compared to the errors computed from
analytic solutions or from highly refined finite element so-
lutions. All of the problems are modeled with planar four-
node quadrilateral elements that have had the parasitic shear
terms eliminated. A discussion of the causes and procedures
for eliminating parasitic shear can be found in Refs. 3 and
14.

The first example problem is a cantilever beam with a uni-
formly distributed load along the top (see Fig. 4). The original

Table

DOF
in mesh

16
48
96

1 Results of error analysis for cantilever beam

Exact error, %

30.89
19.79
13.50

Finite difference
error, %

40.37
21.70
16.00

Nodal averaging
error, %

17.04
16.59
13.29

Fig. 6 Nodal averaging element errors for cantilever problem.

Fig. 7 Plate with square hole in tension.

mesh and the subsequent refinements for the finite difference
error analyses are shown in Fig. 5. Figure 6 shows the same
information for the nodal averaging error estimator. The three
refinements shown in Figs. 5 and 6 are shaded according to
the error content of the individual elements. The darker the
element, the higher the error content of the element. The
shading of the elements is relative only to the elements in a
particular refinement; therefore, the magnitude of the errors
between refinements cannot be compared in terms of the
shading of the elements. The global errors for the three re-
finements are shown in Table 1. The tabulated data include
the actual error, the finite difference error estimates, and the
nodal averaging error estimates. The error analysis results
indicate that the error estimates are converging to the actual
error as the mesh is refined. The finite difference error es-
timates are larger than the actual errors for all three refine-
ments. The nodal averaging technique is smaller than the
actual error in each case.

The second example problem is a square plate with a square
hole loaded in tension (see Fig. 7). Because of symmetry, this
problem is modeled using a quarter section. The meshes and
the relative errors for three successive mesh refinements using
the finite difference error estimator are shown in Fig. 8. Figure
9 shows the same information for the nodal averaging error
estimator. The results of the error analyses are shown in Table
2.

The error estimators for both the finite difference and the
nodal averaging techniques behave in much the same way.
They are converging to the actual error from below. For this
problem, the nodal averaging error estimators are slightly
larger than the finite difference error estimators.

The final example problem is a uniformly loaded tapered
beam fixed at both ends (see Fig. 10). The mesh for this
problem is irregular, and so the ability of the strain gradient
formulation of the finite difference templates to handle ir-
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Fig. 8 Finite difference element errors for square hole problem.

regular shapes is required for the analysis of this problem.
The meshes and the relative errors for three successive mesh
refinements using the finite difference and the nodal averaging
error estimators are shown in Figs. 11 and 12, respectively.
The results of the error analyses are shown in Table 3.

The global error estimates for both methods are similar.
They are both converging from below to the actual error as
the mesh is refined. For this problem, the nodal averaging
error estimators are slightly larger than those for the finite
difference method.

The results from the last two problems show that the finite
difference and the nodal averaging methods produce nearly
identical results. The results of the first example differ mark-
edly from this pattern. In the first example, the finite differ-
ence is larger than both the nodal averaging and the actual
results. The source of this difference can be identified by
examining the elemental errors in the individual problems.
Tables 4-6 present the amount of error contained in the
element with the largest error.

In the case of example 1, the cantilever beam problem, the
maximum error in a single element for the finite difference
analysis is substantially larger than the maximum error con-

Table 2 Results of error analysis for plate with square hole

DOF
in mesh

36
70

120

Exact error, %
33.10
22.20
19.80

Finite difference
error, %

19.75
14.89
11.89

Nodal averaging
error, %

20.12
15.99
13.10

Fig. 9 Nodal averaging element errors for square hole problem.

Fig. 10 Fixed-fixed beam with uniform load.

tained in a single element resulting from the nodal averaging
method. A comparison of the coarsest meshes in Figs. 5 and
6 shows that the error is concentrated in the element next to
the support. A comparison of the next two refinements shows
that the maximum error contained in a single element is much
closer for the two methods (see Table 4). When the refined
meshes of Fig. 5 are compared to those of Fig. 6, it can be
seen that the finite difference and the nodal averaging meth-
ods have different patterns of error distribution. In the finite
difference analysis, the maximum error is in the row of ele-
ments next to the support. In the nodal averaging analysis,
the maximum error is contained in the second row of elements
from the wall.

A comparison of Figs. 11 and 12 for the tapered beam shows
the same pattern of error distribution. The finite difference
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Fig. 11 Finite difference element errors for tapered beam problem.

error analysis shows the elements with the larger errors to be
adjacent to the supports. This pattern is mirrored in the higher
refinements on the left end. The errors found using the nodal
averaging technique are one element away from the support.
Table 6 shows that the elements with the maximum error
contain nearly the same level of error for both cases.

In the second example, no real fixed boundaries exist, and
so a discussion of the effects of fixed boundaries would be
forced. In this problem, both methods identify the same ele-
ment as having the largest error in the two higher refinements
(see Figs. 8 and 9). The magnitude of the highest element
error is approximately the same for each refinement (see Table
5).

The primary difference between the errors estimated by the
two methods occurs in the regions adjacent to fixed bound-
aries. The finite difference based error estimator produces a
higher error estimate for the restrained elements than does
the procedure based on the smoothed finite element results.
A possible cause of this difference is that a larger amount of
information is included in the finite difference error estimator
for boundary elements. The finite difference approach utilizes
displacement information from three interior nodes. The fi-
nite element approach includes only the information from one
interior point in the strain computation on the boundary be-
cause of interelement compatibility. The effect of this differ-
ence on the strain representations is currently being studied.

Summary and Concluding Remarks
A finite element error analysis procedure based on a re-

formulated version of the finite difference method was de-
veloped. This procedure is less dependent on the finite ele-
ment interpolation functions than either the Zienkiewicz-Zhu
or the Dow-Byrd approaches. The smoothed solution against
which the finite element solution is judged is formed from
the more accurate finite element nodal displacements using
finite difference operators.

The finite difference and the nodal averaging error pro-
cedures produce nearly identical global error and individual
error estimates. The similarity in the results indicates that the
nodal averaging method is a valid approach for estimating
discretization errors in the finite element method. Since the
information needed for the nodal averaging error estimator
is readily available in many finite element codes, error analysis
postprocessors can be easily implemented in these codes. Be-
cause of the accuracy of this approach and the guidance it

Fig. 12 Nodal averaging element errors for tapered beam problem.

Table 3 Results of error analysis for tapered beam

DOF
in mesh

30
64

110

Exact error, %
40.79
28.83
21.69

Finite difference
error, %

27.78
22.93
19.53

Nodal averaging
error, %

28.19
24.11
20.27

Table 4 Element error results for cantilever beam

DOF in mesh

Finite difference
max element

error, %

Nodal averaging
max element

error, %

16
48
96

12.36
1.10
0.49

1.37
0.57
0.26

Table 5 Element error results for plate with square hole

DOF in mesh
16
48
96

Finite difference
max element

error, %
1.01
0.44
0.25

Nodal averaging
max element

error, %
1.18
0.47
0.29

Table 6 Element error results for the tapered beam

DOF in mesh

Finite difference
max element

error, %

Nodal averaging
max element

error, %

16
48
96

1.66
0.89
0.50

1.50
0.80
0.55

provides for mesh refinement, it is recommended that this
approach be made available as a postprocessor where possi-
ble.

It is possible that the introduction of these procedures into
commercial application may be delayed because of legal im-
plications connected with their designation as error analysis
procedures. Because of this, it is suggested that the technically
correct name error estimator be relinquished for the legally
safer name refinement coefficient. This semantic change may
speed the implementation of these procedures for improving
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analysis results and bring them to the aid of the designer.
However, the questions concerning the legal implications of
a name will be resolved elsewhere.

Appendix: Strain Gradient Displacement
Approximation

Equations (Al) are the complete fourth-order expansions
of the displacement u and v in the x and y directions expressed
in strain gradient notation. Equations (A2) are the subsets of
Eqs. (Al) that can be represented by a 3 x 3 finite difference
template. In Eqs. (A2), g and r\ are used to emphasize that
a local template coordinate system is used. These equations
are the following:

u(x9y) = [urb]0 4- - rrb]Qy

(Ala)

[ey]0y

[yxy/2 - rrb]0i\

(Alb)

(A2a)

(A2b)
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